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ByD. W. DunnandW. H.Reid
SUMMARY
Theproblemofheattramfer in isotropicturbukucewitha constant
mesntemperaturegradientisconsideredduringthefiml periodofdecay.
TheReynoldsandPdcletnumbersme thenverysmall,andalltriplecor-
relationtermscanbeneglectedintheequationsforthedoublecorrela-
tions.Onthisbasis,it isfoundthatthetemperaturefieldultimately
becomesindependentoftheinitialconditionson thetemperatureaudhas
characteristicsdeterminedonlyby themeantemperaturegradient,the
physicalpropertiesofthefluid,andthecharacteristicsoftheturbu-
lence.Detailedanalyticalsndnumericalresultsareobtainedforthe
asymptoticstate.
Themesnturbulentheattransferisinthedirectionofthemean
temperaturegradient,witha magnitudeproportionaltothemagnitudeof
thelatter.AlthoughitapproacheszerowhenthePrsndtlnumberapproaches
zero,itsdependenceonthePrandtlnumberisnotlsxgeforPrandtlnum-
bersoforderunityandlarger.ThistypeofPrandtlnumberdependence
istypicalformanyoftheotherresultsdependingonbothvelocityand
temperaturefluctuations.b fact,therateofdecreasewithseparation
distanceofthetwo-petitemperature-velocityorrelationvarieslittle
overthefullrangeofPrsndtlnumbersandisalwaysaboutthesameas it
isforthedoublevelocitycorrelation.In contra@,allresultsinvolwing
onlytemperaturefluctuationsdisplaya strongdependenceonthePrandtl
number.Forexample,forsmallPrandtlnumbersthedoubletemperature
correlationfallsoffmuch
velocitycorrelationdoes,
istrue.
moreS1OWQwithseparationdistancethsnthe
whileforlargePrandtlnumberstheopposite
INTRODUCTION
Thestiplestcaseoftuxbulentheattransferistheproblemftist
consideredby Corrsin(ref.1),inwhichthetemperatureofthefluidis
specifiedtohavea constsntmeangradientin somepreferredirection,
whilethevelocityfield,whichisassumedindependentofthetemperature
.
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field,isregardedas isotropicendknown.Thus,thoughmeanvalues
associatedwiththevelocityfieldonlyareisotropic,thoseassociated
withthetemperaturefieldareaxisymmetric.
.
A studyofthisproblem,
althoughitishighlyidealized,isexpectedtogivesomeideaofthe
natureofturbulentheattransferand,by analogy,alsoofturbulentmass
transfer.
Sucha studyisalsoa naturalpreliminarystepbeforeattempting
themuchmorecomplicatedproblemofturbulentmomentumtransfer.The
simplestexampleofthelatter,theso-calledhomogeneousshesrflowwith
a constantmesnvelocity@?adientstudiedbyReiss(ref.2)andlaterby
BurgersandMitchner(ref.3),ismathematicallysimilarto thepresent
problemin somerespects,thoughwithadditionalcomplicationsdueto
thevectornatureofthetransportedquantity.Thepresentproblem,
becauseofthescalarnatureofthetransportedquantityandtheresulting
morerestrictivesymmetryconditions,isconsiderablysimplermathemati-
callyl Itssolutionmaybe expectedtoprovideusefulcluestowardsthe
solutionofthemoredifficultproblemofhomogeneousshearflow.
In additionto beingoftheoreticalinterest,thisidealizedproblem
ofturbulentheattransferisof considerablepracticalinterest,since
a directexperimentalinvestigationof itappearsto befeasible.For
example,ifthehorizontalbarsoftheusualturbulence-producinggrid
ina windtunnelareheatedwitha propervariationinthetemperatures
of successivebars,theconditionsofthetdealizedproblemshouldbe
reproducedfairlycloselyh a regiondownstreamofthegrid. Thereare,
of course,vsriousapproximationsinvolvedinrelatingthee~rimental
situationto thetheoreticalproblem,buttheyappeartobe nomoreserious 1
thantheonesnormallyassociatedwiththewind-tunnelstudyof isotropic
turbulence. s
Althoughtheproblemas statedappearstobe thesimplestproblem
ofturbulenttransferthatcanbe formulated,therearestillformidable
mathematicaldifficultiespresentinthegeneralcase,whentheinertial.
transfertermssredominantinthebasicequations.Inparticular,the
systemofequationsfortemperaturem anvaluesthatcambederivedfrom
theheat-transferquationisincomplete,justas isthewell-knownsystem
forvelocitymeanvaluesderivedfromthedynamicalequations.Of course,
as inthelattercase,onecould,to obtaina determinatesystem,make
sometypeofassumptionsuchastheonemostcommonlytie atthepresent
timethatfourth-ordermea valuesarerelatedto second-orderonesas
theywouldbe fora normslprobabilitydistribution.
ProudmanandReid(ref.4)haverecentlyusedthisstatistical
assumptioninan snalysisof isotropicturbulenceinvolvingmeanvalues
ofvelocitiesat severalpointsbutatthessmethe (seealsoref.5
byTatsumi).Reid(ref.6)hasappliedtheideaina similarmannerto
thestudyoftheconvectiveeffectsof isotropicturbulenceonarbitrary
“
.
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vectorandseal.szfields,including,inpsrticulsr,thecaseof isotropic
temperaturefluctuationstiisotropicturbulence.Chan&x3sekhsx(ref.7)
hasusedit inan alternativeapproachto isotropicturbulence,inwhich
meanvaluesatdifferenttimesaswellas atdifferentpointsarecon-
sidered.At thepresentime,however,thepossibilitiesoftheassump-
tionhavenotbeenfullyexploitedevenintheseproblemsinvolvhgcom-
pleteisotropy.Untilfurtherprogresshasbeenmadewiththelatter,it
doesnotappesxworthwhileasyetto pursuet~s approachfurtherinthe
presentmorecomplicatedproblem.
Theobjectivesofthepresentstudy,aswellas oftheearlierinves-
tigationsof Corrsin(ref.1)andM61bse(ref.8),sre considerablymore
limited,beingrestrictedtoresultsthatcanbe derivedwithouta detailed
considerationfthetripleandhigherordercorrelations.Corrsinand
M41&sehaveobtainedinthismannerresultsof a generalnaturefora
vsrietyofdifferentsituationsbuthavenottreatedanyspecialcasein”
detail.Inthepresentinvestigation,attentionwillbe restrictedmainly
to thefinalperiodofdecay,andforthiscaseessentiallycomplete
resultswillbederivedforthedoubletemperaturecorrelationa dthe
doubletemperature-velocityorrelationa dthetiFouriertrsmforms.
Duringthefinalperiod,theturbulenceReynoldsnumbersaresolowthat
inertialtransfereffectsmeverysmall,andthetriple-correlationterms
intheequationsforthedoublecorrelationscanbeneglected.To this
orderofapproxixw.tiontheproblemisdeterminate,sndthestatistical
hypothesismentionedaboveisnotrequired.Theconclusionsmaybe
expectedtogivean approximated scriptionfthedecayofthevelocity
sndtemperaturefluctuationsfardownstreamof thegridintheexperiment
describedesrlier.
Althoughsomeofthemostinterestingfeaturesofturbulentheatand
monentumtrsnsportareobviouslyabsentduringthefinalperiodofdecay,
thelattermuststillbe recognizedas an hportsntaspectof thegeneral
problem.Forthisreason,andbecauseoftherelatives=plicityofthe
snalysis,a detailedtreatmentofthisspecialcase is appropriatefirst,
beforeproceedingwiththemoredifficultgeneralcase.
ThisresearchwascarriedoutattheDepartmentofAeronautics,The
JohnsHopkinsUniversity,underthesponsorshipsndwiththefinancial
assistaceoftheNationalAdvisoryCommitteeforAeronautics,andatthe
BallisticResearchLaboratories,U. S.Army,AberdeenProvingGround.The
authorswouldliketothankProf.StanleyCorrsinformanyhelpfuldis-
cussions.ThanksarealsoduetoMrs.FrancesC!henowethandMrs.Barbara
Jacobsforassistancewiththenumericalcalculations.
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SYMBOIS
.,
F
E(k)
(definingseal- of @id$);isotropicenergyspectrumfunction
f(r)
()
definingscalarof Rij~ ; longitudinalvelocitycor-
relationcoefficient
G vectorwithcomponents, a~(ji.—
ax~
k wave-numbervector
L(r,m) ()
definingscalsrof Li ~,~
L’(rjm)
()definingscalsxof Li’~,~
[Lit(m)= :$(&qq2s+%q- 1$(%+ g,t)u+,t} (axisymmetric)
Lo thermalintegralscale(seeeq. (87))
M(r,m)
( h)m= ‘“ = Cosalr
N(r,m)
‘N9
P
Rh
temperaturecorrelationcoefficient(seeeq.(S6)
temperature-velocityorrelationcoefficient(see
eq.(Xll))
P&cletnumber,(@l/2A+
pressure
heat-transfercorrelationcoeff’ici,ent(seeeq.(77))
%(s) = Ui(:+j(z + w)
RA turbulence
(isotropic)
Reynoldsnumber,(Zfj’ ,Av
4
“
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=,
t
to
%
up
—
~2
4WU=u.
xi
a
B
separationvectorin correlationfunctions
temperature
ttie
initialtime
~ ina directionnormalto ~componentof u
velocityvectorwithcomponentsUi(zYt)
spacecoordinate
anglebetweenvectorr andunitvectorA
magnitudeofmeantemperaturegradient(apositive
constsnt),~—
anglebetweenvector~ sndunitvector~
Kroneckerdelta
permutationsymbol
Fouriertransform
three-d~sional
J
1
8(k,~)@
-1
ty:,t)a(~+ q,t)
()of 8 ~,7J
temperature
(axisymetric)
spectrumfunction,
(sxisymmetric)
—
619(&t)
K
A(k,V)
A’(k,p)’
~i(%>b)
~’(~,x)
i(k)
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deviationoftemperaturefromitslocalmeanvalue
thermaldiffusivity
deftiingscalsxof Ai(ls,X)
deftiingscalarof ~’(~,~)
Fouriertransformof Li(~,~)(sxisymmetric)
Fouriertransformof Li’(~,A) (sxisynmetric)
three-dimensionalheat-transferspectrumfunction,
_~k2
J 1 ~(k,v)@
-1 —
A turbulencemicroscale(seeeq. (67))
(aT/hXi)
‘i=wr
h thermalmicroscale(seeeq.(82))
~ unitvectorindirectionofmeantemperaturegrsdient
()k=A
~= -k-= cosy
v kinematicviscosity
P density
u l?rsndtlnumber,v/K
a~j(~) Fouriertransformof
u vorticityvectorwith
Rij(:)(isotropic)
ap~
components
‘% = ‘~kZ~
.
r
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Stiscripts:
i>~,k>z
m
n
o
P
7
tensorindices
maximum
at time to
parallel
FORMULATIONOFPROBLEM
Fortheproblemunderconsideration,itisassumedthatthevelocity
fieldis isotropicsndunaffectedbytemperaturevariations.Thegov-
erningeq=tionsforthevelocitysmdpressuresrethentheNavi.er-Stokes
equation
aui hi --+vv%i_+uj _.-.
at 8Xj p axi (1)
a2where& istheLaplacianoperator andthecontinuityequation
bXj bXj’
aui o
—=
a% (2)
Thequantitiesp and v me thedensityandkinematicviscosity,respec-
tively,andsreassumedtobe constant.,Itissupposedthatinthefluid
a constsn.tmesntemperaturegradientp iqmaintained,ti.thedirectionof
a unitvector~ by someexternalagency(i.e.,~ = W–)aE/axi“i= pzl ‘ ‘o‘kt
where To isa constantand O(z,t)denotes
peraturefromitslocalmesmvalue.fromthe
~T aT
—=.*
‘+u~ axjat
thedeviation
heat-transfer
and
(3)
ofthetem-
quation
(4)
—-
—— -
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l
thegoverningequationforthetemperaturefluctuationsi obtainedas
*-—
ai9 a3 “v’—+pAjuj. tt+
‘+ ‘J axjat (5)
where K isthethermaldiffusivity,alsoassumedtobe constant.The
equationsatisfiedby the mem temperate,whichisobtainedby averaging
aiiuj~
equation(4),reducesinthisproblemtothe-obviousresultthat — =
axJ ‘
thatis,thatthemeanturbulentheattransfervectorisa constant.The
temperaturefield,becauseofthepreferreddirection& isseento be
axisymmetricratherthanisotropic.
Theprecedingformulationevidentlyalsoappliestoturbulentmass
transfer,ifthetemperatureT isreplacedby concentration(assumed
small),andthethermaldiffusivityK isreplacedby thediffusion
coefficient.
Thevsriousphysicalrestrictions,uchasrestrictionsonthe
magnitudesof thevelocityandtemperaturevariations,whicharerequired
inorderfortheaboveformulationto giveanedeqpateapproximationto
reality,arewe31&nown(seeCorrsin’scommentsinrefs.1 and9, e.g.). — .
DuringthefinalperiodofdecaywhentheturbulenceReynoldsnum-
berissmall,moleculartransfereffectsz~”expectedto dominateinertial t
transfereffects.@antitativestimatesoftheirrelativeimportance
.
csnbe obtainedby order-of-msgnitudeconsiderations.Forexsmple,in
thedynsmicalequation(1)theviscousterms vV’uiareinthiscase .- -.
amongthedominsnterms,andtheinertialtransferterms ujauilaxj
andpressureterm
-(l/P)(h@xi) are of relativeorderofmagnitude
(7~’2~/v,where
1/2
A isthemicroscale.Thequantities()~ and A
evidentlyrepresenta significantvelocityanda significantlength,
respectively,fortheenergy-containingeddiesoftheturbulenceaswell ——
as forthedissipativeeddiesunderthesecficumstances(i.e.,themicro-
scaleisnowof thessmeorderofmagnitudeastheintegralscale).Sim-
ilarly,intheheat-transferquation(~)thethermal-conductionterms
KG% are smong thedominanterms,andtheinertialtransferterms
/Ujaoaxjsre of‘relativeorderofmagnitudec(~~[%~lv, where a
isth~Prsndtlnumbersnd At is somelengthcharacteristicofthe
temperaturefluctuations.Thethermalmicroscale,deftiedby Corrsti
(ref.9) forthetemperaturefieldina manneranalogoustothedefini-
ticmof h forthevelocityfield,isevidentlya significantchoice
forthelengthla.
-.
.—
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Hence,thefinalpericxiof
trsnsfertermsinequations(1)
9
decayis characterizedby theinertial
and(.5)beingnegligibleormoreprecisely
. by thesatisfactionfthefollowingconditions:
and
(6)
(7)
ThefirstconditionimpliesthattheReynoldsnumbermustbe small,as
wasto be expected,andthesecondimpliesthattheP6cletnmnbermust
alsobe small.WhentheEkandtlnumberisnottoolarge,it isreason-
abletoexpectthat Afland h sxeofthessmeorderofmagnitude,so
thatthePdcletnumberisoftheorderoftheReynoldsnumbersmdthe
twoconditionsareessentiallyequivalent.
In allsubsequentconsiderations,theapproximationsdescribed
abovewillbe accepted,andthedynamicalequationandheat-transfer
equationwillbeusedintheapproximateforms
.4-.
. and
aui
—=at V@ui (8)
(9)
Therelativerrorsintheseequationsare o(%) inthefirstand/ \
0(%3)inthesecond,where~ smd ~0 aretheReynoldsnumber
andPe?cletnumberdefinedinrelations(6)and(7),respectively.
Thesituationunderconsideration,then,isas follows.At some
time to aftertheinitialinstantofgenerationofthevelocitysmd
temperaturefields,theturbulenceintensityhasdecreasedto suchan
extentthattheReynoldsndP6cletnumbersarebothverysmallsnd
equations(8)and(9)aresatisfactoryapproximations.Withtheiruse,
.
thesubsequentvariationofthevelocityandtemperaturefluctuations
canthenbe determinedto thesae orderofapproximationi termsof
. conditionsatthe to.
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In general,of course,therelationsbetween
andthoseattheinitialinstantofgenerationof
,m
conditionsattime to
.
thevelocity-temperature
fieldarebeyondthescopeofthisapproximateanalysis.Theserelations
dependina complicatedandunknownmannerontheneglectedtermsinequa-
tions(8)and(9),whichareinitiallyimportantIftheinitialturbulence
levelishighenough.Forpresentpurposes,theconditionsattime to
areassumedto beknown,atleastina statisticalsense.Theconsidera-
tionswillbe ltiitedmainlytothedoubletemperaturecorrelation~
andthetemperature-velocityorrelation~. Theresultsto bepre-
sentedforthedoublevelocitycorrelationUiuj‘ arewellknown,but
theywillbe includedforthesdseof completeness.
Solutionsof
Letthecorrelation
wherethedependenceon
EqaationsforFouzierTransformsof
CorrelationFunctions
functionsbe definedas
‘(:’3= ‘(:)’(:+ :)
r 1
ip(w-+~)- ‘(~+W9J
~ hasbeenindicatedexplicitly
theS.xi.swnmetricchsracterofthesemeanvalues.Forthe
(lo)
(u)
(12)
to emphasize
sakeofbrevity,
thedepe~denceonthetimewillnotbe indicated.It istobenotedtha~”
mesnvaluesaswellasfluctuatingquantitieseretimedependent,since
a decayingvelocity-temperaturefieldisbeingconsidered.Withtheaid
ofequations(8)and(9),thecorrelationfunctions,equations(10)
to (12),areseento satisfytheequations
he
— + 2~hiLi= 2#e
at
(13) .
.
NACATNk= u
aLi
~ -t-13AjRij= (Ki-v)#Li
at
(14)
s (K+ V)V2L~’ (15)
is thedouble-velocity-correlationtensor
usuallydenotedbythissymbol,whichtothepresentorderofapproxima-
tionsatisfiestheequation
(16)
Equations(13)to (15)arespecialcasesofthemoregeneralequations
derivedbyChszdrasekhsr( ef.10).
Sincethevelocityfieldissssunedto be isotropic,Rij(Q iS en
isotropictensor,solenoidalinbothof itsindices.It cantherefore
be representedh theusualwayintermsofthelongitudinalvelocity-
—
correlationfunctionu2f(r),where = denotesthemean-squarevalue
of onevelocitycomponent. ()Ontheotherhsmd,thevectorLi ~,~ is
sxisymmetric,sothatingeneralitrequirestwodefiningscalarsad
canbe expressedinthe
where L1 end L2 are
form
srbitraryfunctionsof
(17)
(18)
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()When Li ~,~ issolenoidal,as itishere,itrequiresonlyonedefining
scalarL = L(r,m),which,asChandrasekhar( ef.11)hasshown,isrelated
.
to L1 and L2 inthemanner
Ll=- (tir + I@L
L2. (r%&+ -+2)L
wheretheclifferentialoperators@ snd ~ havethemeaning
(19)
(20)
(21)
Exactlyanalogous
deftihgscalars
singlescalazL[
considerationsapplytothevectorLi’ sndits
L1‘ and L2’,whichcanbe expressedintermsofa t
asdescribedbyrelations(19) and (20). ,
Equations(13)to (16)couldbe reducedto equationsforthedefining
scalarsdescribedabove,ifdesired.Thisistheprocedurefollowedby
Chandrasekhsm(ref.10). Inpractice,however,thedesiredinformation
canmosteasilybederivedby consideringtheFouriertransformsofthese
equations.
()Thus,theFouriertransformof e ~,~ isdeftiedtitheform
where $*L= @. andwhere@(kjp)hasbeensonormalizedthat
(22)
.
.
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.
Likewise,theFourier
definedinthemanner
— ml42=
JJ
~(k,~)dpdk (23)
o -1
()transformsof Li ~,~ ()and Li’~,~ canbe
‘i(~~~) = (~)-3~h(~,~)e-ig”%q (24)
witha similsxrelationforthetransformAi’ of Li’. Finally,equa-
tions(13)to (16)Cm
and
betransformedto
%.
— + $hJ@ij = -(K + v)k2Ai
at
%.’
— =-(K+ v)k2AJ
a
where ~ij(~)iS the Fouriertransfornof
equation(24).
(25)
(26)
(27)
(28)
()R.-rlJ w in thesenseof
Since @ij(~)is~ isotropictensoritcanbewritteninthewell-
knownform
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.
(29)
where E(k) istheisotropicenergyspectrumfunction.
/
Therepre,senta-
( autionoftheorthogonali.e., ki% = 0, correspondingto )—=0 ax5.-&i()symmetricvectorAi $,1 b termsofa singledefiningscalarcan,by
thetechniqueofFYoudmsnandReid(ref.4),bewrittendirectlyinthe
form
(30)
whereA isa functionof ~0~= k2 ad ~.~= kp. Similsxly,there
isan analogousexpressionfortheorthogonalsxisynmetricvectorAi’,
intermsofa singlescalarfunctionA’. Thus,thescalarformsof
equations(25)to (28)become
a@x ()+ 2Kk% = -4@ 1 - ~2k2A
&
at
+ (K+ v)k2A=-~~
4fik2
3A’
K
+ (K+ v)k2A’= O
?
(31) -
(32)
(33)
?IE
x
+ 2vk%.=O (34)
.
.
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Thederivationofthesolutionsoftheseeqyations
. initialconditionsattime to isstraightforward,and
as follow:
E(k,t)= Eo(k)e-2vk2(t-to)
15
atisfyinggiven
theresultsare
(35)
~Eo(k)
A(k,y,t)= - [ 1-2vk2(t-to)- e-(~+v)k2(t-to)+k(K - v)kk
~(k,y,t)=
k(%v)e-(K+V)k2(t-to)
A’(k,~,t)= &’(k,y)e-(~+v)k2(t-to)
2(K- V)Y ‘
1%(k,v) e-2Kk2(t-to)-
-i
(36)
(37)
‘~ (1-~2)&(& ~)e-(K+v)k2(t-to) (38)
K -v
beenexplicitlyindicatedforemphasis,snd Eo(k)=Allvsriableshave
E(k,to),Ao(k,~)= A(k,y,to),andSO forth.llromthediscussionh the
previousection,itmaybe expectedthatfor t > to theerrorsinthese
results(ascomparedwiththeexactresults)sre O(RA) inthefirstand
0(%3$)intheothers.
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AsymptoticBehaviorofSolutionsforLarge
ValuesofTime
Intheprecedingsolutionsthereisstilla considerable
indeterminacyduetothepresenceofthefunctionsEo, Elo,
d greeof
~, and ~’.
.
Theseexpresstheultimateinfluenceofthepasthistoryofthevelocity-
t.emperaturefi lddurhg theperiodoftimefromtheinitialinstantof
generationtothethe to,whentheinertia~-andpressureffectsare
significant. Forsufficientlyargevaluesof t - to,however,itwill
be shownthattheresultsgivenby equations(35)to (38)takeonmuch
stiplerformsasymptotically,whichdependonlyto a slightextenton
theprevioushistory.Theasymptoticformsturnouttodependcritically
onthebehaviorofthefunctionsE, G, A, and A’ forsmallvaluesof
k andthusonthebehaviorofthecorrespondingcorrelationfunctions
forlargevaluesof r. A completea@Lysisofthesequestionsiscom-
plicatedandlengthysndrequiresthe”useof”thexactequationsofthe
velocityandtemperaturefields.Detailedanswersareavailableonly
forthevelocityfieldalone,intherecentworkofBatchelorandProudman
(ref.12).
TheresultsQfreference12 indicatethatforsmallvaluesof k
thebehaviorof E
On theotherhand,
smallas t - to~
asymptoticformis
is in generalgivenby
E(k,t)= C(t)#+ O(k%ogek) (39)
P
theexponentialfactorinequation(35)becomesvery
CIJforallexceptverysmallvaluesof k, sothatthe s
obtainedbyreplacingEQ = E(k,to)by itsleading
termwhen k issmall.Thus,theasymptoticform
is
4 -2vk2(t-to)E(k,t)~Coke
for E as t - to+m -- .
(40)
where Co= C(to). Thisisthewell-knownresultfortheenergyspectrum
functionE duringthefinalperiodofdecay.
Inthepresentproblemofthecombinedtemperature-velocityf eld,
similsresultscanbe obtainedfor e, A, bnd A’,providingthatplau-
sibleassumptionsareintroducedatanappropriatestageintheanalysis. .
z
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Equations(22)and(24)srefirstconsideredandputintomoreusable
formsby thefitroduct~onf:
theaidofthedefinitions
r.r= r2
-.
r.A=rcosa=rm
.W
Thatis, k@ and ~ aretheprojectionsof thevectors~snd~
(41)
dO~ &,and & ~d & sretheirprojectionsina plsmenormalto
sothat ~=k&+@ snd~=~+~. Withtheaidoftheformula
(ref.13,p. 87)
where Jo istheE.essel
integrationwithrespect
lesdingto the~sults
functionofthefirstkindoforder
otheangle ~ canbe immediately
17
sphericalcoordinates(r, a, ~),with
(42)
zero,the
carriedout,
—1r
.
(43)
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(44)
A’(k,p) =
,-,2 Jo J-: ‘%
-i(a)-z ‘m
@=J.in@=@Jopwm]~.
(45)
Intheserelations,
(46)
andusehasbeenmadeofthefactthat
of m -d 1# isenoddfunctionof
derivedtiomrelations(10)to (32)and
)
?
Osnd~ areevenfunctions
m. Thesepropertiesareeasily .
(17).Thus,both @ and A
are realandevenh p, and A’ ispurelyimsginsryandoddin p.
On a purelyformalbasisforthemoment,thefirstfewderiva-
tiveswithrespecto k of El,A, and Al at k = O arenowdeter-
minedfromrelati.ons(43)to (45).Inthecaseof 6, theresultsare
immediatelyseentobe
e(o,p)=$@ =0 (47)
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ml
iq(o,p)= 2(a)-1
11
r%(r,m)dm h
~k o -1
ForthequantitiesA and A’,thefollo~ relation.(indicatedby
Mdl&se,ref.8)isrequired:
(48)
[( )]%?=1;2m2:r3L-&-”2L(49)
A sinilarelationfor ~’ followsfromequations(17)to (21).With
theuseofequation(49),andwiththeassumptionsthat r3L+ O and
r3Lf + () as r ~ CJ,thefollowingresultsareobtained:
A(O,y)= O
A’(O,p)= 0
r~’(r, m) dm dr
(Relations(50)snd(73)wereobtainedpreciouslyby
behaviorof (3,A, snd A’,respectively,forsmall
givenby
Mdl&se.) Hence,
valuesof k is
(50)
(51;
(52:
(53;
(54”
the
.20
where
@(k,~,t)= C’(t)k2+o(k2)
A(k,p,t)= C“(p,t)k2+ o(k2)
A’(k,~,t)= C“’(~,t)k+o(k)
NACATN4186
t
(55) r
(56)
(57)
(58)
(seeeqs.(48),(52), SIXI-(54). )
Theformalresultsderivedabovewillbevalidiftheintegrals
involvedinequations(47)to (~) actuallyexistandiftheassumptions
r3Lao ~d r%r+O as r+co arevalid.Forthepurposesofthe
presentinvestigation,theseconditionswillbe assumedtobe satisfied.~
Asmentionedpreviously,a completejustificationwouldrequtieanelab-
orateanalysisofthebehaviorofthecorrelationsoftemperaturesnd
velocityforlargev~ues of r, afterthemanneroftheworkofBatchelxm
sndProudnsn(ref.X2). Althoughsuchsn tivestigationhasnotbeencar-
riedoutinfull,a partial.studyrevealsnoessentiallynewdifficulties
0
.
.-
.—
%ufficientconditionsfortheexistenceoftheintegralsarethat
r% +0 and #Lp’aO as r +CO. Thesesrenotnecesssryconditions, .
however,andit isassuminglessjustto assumethattheintegralsexist.
.—
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~
sndtendsto supportheassumptionsstated.Thelatter,moreover,appear
. quitereasonablefroman intuitivepointofview.
By thessmetypeofreasoningasthatemployedinderiw%ngrela-
tion(40),itnowfollowsthattheasymptoticformsofrelations(36)
to (38)forlsrgevaluesof t - to areobtatiedby replacing~, ~,
~’, and EIoby theirleadingtermswhen k is small,asgivenby equa-
tions(39)end(55)to (57).Hence,for t - to+rn,relation(36),for
example,becomes
pco
A(k,~,t)= - [
e-2vk2(t-to) 1_e-(K+v)k2(t-to)+4fi(K- v)
co’’(p)#~+v)k2(t-to) (59)
where Co= C(t~) and co’’(~)= C“(w,to).Anslogousresultsfollowfor
relations(37)end(38).A furtherstudyofthesenewformulasnowshows
thatactuallythelesdingtermsaredominsnt.Considereqmtion(>),
forexsmple,andintroducethenondimensionalvariablex = k~-)
andthereferencevslue
pco (-xl2 -w xl~.- e )-e2a 24fi(K- v) (60)
where u = v/K istheFYandtlnumber,smd xl isdefinedby
(2U 1+.1/2xl = )— 10ge —1 -u 2(s (61)
Thatis, & is
tion(~) csnbe
the msximunvalue
writtenas
ofthefirsttermin A. Thenequa-
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. . .. . . . ... .
-,. . —-..
A_
G-
l+u#
.—
~-x2-“e z~ 1+0@Co””(~) - —x2e 2a
1-I-CT+ *v(t - t.)
-X12 - —
-d X12
(62)
e A -e =“ –
Sincethesecondtermis o[l/(t- to)], thefinalresultfortheasymp-
toticformof A when t - to~w is seento be
A(k,p,t)- - pco [ 1e-2vk2(t-to)- e-(tc+v)k2(t-to)4fi(K- v) (63)
Similarly,if ~ isdefinedasthemmcimumvalueofthefirstterm
intheexpressionfor $3,itisfoundthattheremainingtermsInthe
expressionfor e/~
when t - to+m is
areo(l/(t-to)).Thus,theasymptoticformof e
.[ 12 #~2(1- P2)C0e-vk2(t-t~)- e-tck2(t-to) (64)
Finally,thequsntityA’ isof interestonlyinthecombination
A+A’, whichdeterminestheFouriertransformofthecorrelation$ui’
(seeeqs.(IL)and(12)).A considerationoftheno?xlbnensionalquantity
(A+ A’)/& shows,with‘theaidofequation(57),that A’/& =
0(1/~~). Hence,when t - to+m,
.... .. ...--,. .
_..,.
,. A++; rnA (65)
.,, ;
., .,<: ,. :.
. ...-,- .... . . .,-, ... .... . ..... .. ..,,,,
—
-,. . _ , ,, , ,-.,<_ .
.. .. .... .. .. . .
whereA isgivenbyequ&tion(63).
During thefinalperiodofdecay,therefore,theasymptoticsolutions -
donotdependontheinitialconditionsforthetemperaturefieldbutonly
.
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onthoseforthevelocityfield,throughtheparametersCo and to.
Inthefollowingsections,vsxiouspropertiesofthetemperaturefield
willbe derivedonthebasisoftheapproximater lations(63)to (65).
SomeIntegralPropertiesof theTemperatureField
Thereareseverslqusmtities,correspondingtomesnvaluesatone
pointonly,thatcanbe expressedentirelyintermsof integralsinvolving
thefunctionsEl and A. Beforetheseresultsforthetemperature
fieldarepresented,thecorrespondingresultsforthevelocityfield
intermsoftheenergyspectrumfunctionE wildbe listedforlateruse.
IRromequation(~) sndthedefinitionsofreference14,(pp.47
to 51),itisseenthatthemean-squsrekineticenergyisgivenby
L [(
1
-5/2
~_l—
J
2m
-—utui. — E(k)dk= ~Cov t-to) (66)
3 30 32 —
themicroscale A, by
1 2
J
co [1 -1.=—k%(k) dk= ~ v(t- to)~2 @ o
andtheintegralscaleL, by
(67)
(68)
Thus,inallfurtheresultsitwillbepossibleto e~ressthequanti-
U2 1/2()
—
ties Co end t - to intermsof and X, whichareofmore
directphysicalsignificance.Theresultingformulaswi31thencontain
onlyquantitiesthataredirectlyobservableat anyinstantduringthe
finalperiodofdecay,inadditiontothegivenconstantpsmmetersof
theproblem(i.e.,v, ~IC,and ~).
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Perhapsthequantityofgreatestphysicalinterestpredictedby the
presentheoryisthelevelofmean-squsret mperatefluctuations,which
.
followsfromequations(23),(64),(66),and(67)intheforms
p=
, .to)]-./2[12(fi2+21,2]2]@P2f ~ov(t
3~2v2(l- a)2
() 1/2.where R~ = U2 A/v.
—
slowlythan U2,justas
meantemperature(ref.9).
J (69)
Thefirstformindicatesthat f12decaysmore
Corrsinfoundinthesimplerproblemwithconstant
Anotherquantityofsomeinterestinvolvesthemesm-squaregradient
of d. Thus,if
aiiGi=—
axi
(70) “
.
andifthecomponentsof
~ parallel(~ = AiGi)andperpendicularto ~
areconsideredandaxisymmetrynoted,thereres@.ts
Thequantities respectively,themean-squarevalues
.
ofthecomponentof.G parallelto ~ andthecanponent”inanydirection
perpendicuhrto ~ andaregivenby *
—
.
#D
.
NACATN4186 25
.
.
.
(@A?=
, ..o,,-3/2~2&y/2+ a3/2]coV(t
60@v2(l - U)2 I
-!
1 ~2
[()
3/2
=— R221-22U2?0 +15 (1- a) l+tY
and
_l
(72)
IYomtheseresultsonecm, of course,obtainthemean-squaregradient
of 3 inan srbitrsrydirectionwithrespecto A . Relation(73)
.
expressesthephysical.factthatthemeansquareofthemoleculsrheat
trsnsferfluctuationsi greater“acrossthemeangradient”thanit is
“downthemeangradient,”ina ratiothatisindependentof p. This
conclusionisrathersurprising,inviewofthefactthatthemesnheat
transfer(bothmoleculsrsmdturbulent)isentirelyinthe~ection of
themeantemperaturegradient.
ConsidernowthecrosscorrelationLi(~,jj).It isfound,for
example,that
(74)
.
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F&=o
correspondingto thefactthattheheat-transfervectorLi(O,~)
differentfromzeroonlyinthedirectionof & IYomequations
and(74)follows
The
al.lp= -
=-
heat-transfer
theexplicitrelation
-.’. CO[v(t-to)j-3’2
24v(1- U)
Ga 3/2
()
L-— 1+6
L
la’ 1/2()
[()]
3/2
-— RA ~ pA1- &31-cl
correlationcoefficient
introducedby Corrsin(ref.1)nowbecomes2
() 3/2l-~ l+U . -1/2l/2.()]1-2= + #2l+U
(75)
(:;)
(76)
(77)
(78)
—.
%or isotropicturbulence,UP2=U2. Qso, notethat @ isbY
definitiona positiveconstant.
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A quantityofparticularphysicalsignificanceistheratioof
turbulentheattransfertomeanmolecularheattransfergivenby
(79)
L J
Thebehaviorofthisratioisevidentlyjustwhatwouldbe expectedphys-
ically.Fora giventurbulentmotioni.e.,( a givenvslueof ~), the
ratiodecreaseswithdecreasingvaluesof a (i.e.,increasingthermal
conductivityofthefluid).Ontheotherhand,forgivenfluidproperties
(i.e.,a
ber Rh
For
involved
whichiS
givenvalueof a),itincreaseswithincreasingReynoldsnum-
oftheturbulentmotion.
thecorrelationGimj,where uj= (‘jkz%lbxk)> somerather
calculationsleadto therelativelysimpleresult
(80)
differentfromzeroifandonlyif ~ and ~ sreperpendicular
to eachotheraawellasto ~. Afterthegeneraltensorrelationfor
GiuJjintermsof A isobtained,theaboverelationisderivedmost
readilybytakingrectangularcoordinates(XIJ X,7and X5) with Xl
along &
—.
It csnthenbe shownthat Gi~= G* = ~= O ad, with
thefurtheruseof sphericalcoordinates(k, y,snd j3)asdescribed
by thedefiningrelations(41),that
Fromtheseresultsandequation(63),eqy.ation(80)follows.
Anotherquantityof somep~sicalinterestisthemicroscaleor
“dissipation”lengthpsrsmeterha forthetemperaturefield,first
introducedby Corrsin(ref.9) smddefinedby
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,
(82)
Inthepresentcasejequation(82)reducesto
$=6[1-2(~~’2+u- ;,a~’2+.3/~(851
It shouldbenotedthatthegeometricaltiterpretationof ~ isnow
notso simpleas itwasintheisotropiccase..(ref.9). In fact,with
useoftherelationm = rk~k~,it iS foundthat
ae(r,m)
am1 (84)
fromwhichfollows
However,averagingthisequationwithrespecto m leadsto thesimple
result
(86)
Thus,inan averagesense,ha isstilla representativelengthscale
forthevsriationof ~(r,m)inthevicinityof r = O.
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Anothercharacteristiclengthforthetemperaturefieldisthe
. thermalintegralscale
1’mL$=~ f3(r,m)dr42 0 (87)
alsointroducedby Corrsin(ref.9). Thisquantityisexpectedto give
a measureofthedistanceoverwhichthetemperaturefluctuationsare
effectivelycorrelated,astheintegralscaleL doesforthevelocity
fluctuations.When 9 is expressedas theinverseofthetransformrela-
tion(22)andthesphericalcoordinates(k, y,and ~) inthe ~ space
describedpreviouslyareused,equation(87)takestheform
CowHI 1$=$ hi==]-.O(k,p)COS(k33@~ h (1000
(88)
Theintegrationwithrespecto r canbe tiediatelycsrriedout(see
ref.15,p. 43),leadingto
-,
.
(89)
Whentheexpression(64)for ~ is introduced,theintegrationtith
respecto y isstraightforward.Thsfinalintegrationwithrespect
to k isreadilyperformedby integratingfrom ~ to m andthen
takingthelimita ~-0, withtheaidoftheformula
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.
#2
.
J
.,...,.a
‘&o* 10ge Xo
m“ .!..
—ib-=”-e +2
J
~e-X2lo~xdx - “’ ‘
Xo x Xofl
00
where
x“’-). Theendresult,eftereliminationf ~ by
equation(69),is
[ -2(fiJ/2+a./j-110ge,,.,L,=?#Z.(l+m2)1
An examinationftheprecedingresults-indicatesthatinthis
problem,fora givenfieldofturbulence,manyofthethermalcharacter- —
isticsarestronglydependentonthePrandtlnumber.It is instructive,
therefore,topresenta summaryoftheformulasderivedaboveinthe
specialcases:u >> 1 (correspon~to severaliquids,suchaswater
andlubricatingoils),u = 1 (approximatelyrepresentativeofgases), l
snd a << 1 (correspondingto certainliquidmetals).
For 0>> 1,then,thefollowingapproximater lationsresult: .
I
(92)
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Perhapsthemostnoteworthyfeaturehereisthat Ati
muchsmallerthan A, indicatingthatthel%mperature
ismuchmorestronglycurvedneartheoriginthanthe
31
and LO areboth
correlationcurve
velocitycorrelation
curveandfallsoffto zeromuchmorerapidly.It shouldbeemphasized,of
course,thatthiscase@aces ratherseverelimitationson RX. Sincethe
presentheoryisrestrictedto smallvaluesof
~ =(~~fif~)~~~a~~>
theReynoldsnuniber~ hastobe extremelysmallifboththeconditions
a>> 1 “and@lA<< 1 aretobe satisfied.
For cf= 1,theformulasbecane
%6
—=
A?
In this case,thechsracteristclengthsforthetemperaturefieldsreof
thessmeorderofmagnitudeasthoseforthevelocityfield.Theresult
for Rh isveryinteresting,sticeit impliesthatthefluctuations$
and
-’-%= -~hi at a pointsreperfectlycorrelated.(Notethat -up
isthevelocitycomponentinthedirectionofdecreas@ mesntemperature.)
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For.a << 1,thefollowingapproximateforgndaareobtained:
22 & #R&@ 122:#Rfp%5-
AlthoughAt isofthessmeorderof
-$ ““
magnitudeas A inthiscase,L$
ismuchlarger,indicatingthatthetemperaturecorrelationfunctionfalls
offratherslowlyforlargeseparationdistances.Infact,thedecrease
of Q(r,m)forlargevaluesof r isso slowinthelimitingcase u~O
thattheintegralinequation(~) becomesdivergentand ~ becomes
infinite.Thus,inthislimitingsituationthequantityLo losesits
significanceasa representativelengthforthetemperaturefield.The
length~ remainsignificant,however,asa measureoftheradiusof
curvatureofthetemperaturecorrelationfunctioneartheorigin.In
thenextsection,a moredetailedanalysisofthebehaviorofthecor-
relationfunctionsforthetemperaturefieldwillbepresented.
A finalobservationf considerableinterestisthat,ifthearbitrary
assumptionismadeinitiallythattheturbulenceisstatisticallystation-
ary, thenthefinalresultsagreewithrelations(94)when u issmall.
Theaboveresultsfor lo and Rh wereobtainedbyMall&se(ref.8),
andmostoftheotherswereobtainedin a preliminaryversionofthe
%his impliesthatanymeanvalueinvolvingfluctuatingquantities
atdifferenttimesisdependentonlyonthetimedifferencesandnoton
theindividualtimes.Thus,meanvaluesinvolvingquantitiesatthesame
time,suchasthoseh thepresentinvestigation,areindependentofthe
time.Theterm“nondecaying”isalsousedinthissense.
.
r
-fi–
.
.
,
D.
.
.
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allonthebasisofthishypothesis.Althoughsta.tionsrv
isotropicturbulenceisimpossible, .stri~llyspeaking,its-assumption
evidentlylesdsto a formulationftheproblemthatisa validapproxi-
mationwhenthePrandtlnumberis smsll.
A clearerpiptureofthesituationcanbe obtainedas follows.
First,it isnotedthattheassumptionof stationaryturbulence@lies
thatthetemperaturefieldisalsostationary,sothatthetime-derivative
termsinequations(13)to (15)sreabsentand Li’s O. Ontheother
hand,iftheassumptionisnotmade,it isfoundthat ~-/bt.
o(iy(t - to)) forsnycorrelation~ involvingthetemperature,so
thatine chofequations(13)and(14)thetime-derivativetermis
o(&/A2} relativeto theheat-conductiontermandisthusnegligible
when c issmall.Moreover,it iS -O fotitb.atLi +Li’ ~Li ss
t -to+m. Hence,asfarasthesolutionoftheproblemduringthe
finalperiodofdecayisconcerned,thebasicequationsobtainedwith
theassumptionof stationaritysrevalidapproximationsforsmallvslues
of a,providingthecorrelationfunctionf(r/A)describingthetur-
bulenceisproperlyspecified.
Physically,whenthePrandtlnumberis small,theeffectsoftime
variationsrenegligible,andthedissipationthroughconductionis
balancedprimarilyby theconvectiveheattransferassociatedwiththe
meantemperaturegradient.Thedominatinginfluenceofthemeantem-
perature~adientinthissituationappearsto be thereasonforthe
basicdifferencebetweenrelation(94)for ~lh andtheresultobtatied
by C!orrsin(ref.9) intheproblemwithzeromeantemperategradient,
namely,thatovera widerangeof conditionsA*IA= 0(a-1/2)forall
Prandtlnunbers.Inthelatterproblem,thetimevariationisalways
a dominantfactor.
SomeDetailedPropertiesoftheTemperatureField
Theresultsoftheprecedingsectionwereconcernedwithmeanvalues
ata singlepointandyieldedonlylimitedinformationaboutthevarious
correlationsa functionsofthespatialseparation.Thecharacteristics
ofthetemperaturefieldassociatedwiththetwo-pointmeanvaluesare
nowconsideredinmoredetail.
ThescahrFouriertransformrelationbetweenf3(r,m)and O(k,p)
whichfollowsfromequation(22)is
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If a correlationcoefficientforthetemperaturefieldisnowdefinedh
theusualwayas
M(r,m).K=ti
~
e(o,m)
thenusingequations(64)and(95)gives
where y= rl$-) = %~~. Theintegralsoccurringinthis
expressioncambeevaluatedquite’easily(e.g.,seeref.15,p. 57,
formula(52) endtheresultwritteninthe“form
M(y,m)= Ml(y)+ m%2(y)
where
+ (fill(Y@)
Ml(y)=
(96)
(97)
.
.“
(98)
—
(99)
.
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M~(y) -11=”+1+f%l(YkqM2(y)=
4,{y[+-*e-,2,4]~W(Y) =~@erf(y/2)+ ~ ‘rf
Snd.
f \
M21(y)
{[
=$$ erf(y/2)-$_-~e 1}-y’/4y/2 fi
Thesymbolerf(~)denotestheerror
(ml)
(101)
(102)
<
Forsmallvaluesof y, M(y,m)
~scJo
hasthetypicalparabolicbehatior
.
(M(y,m)=l-~l -
whileforlargevaluesof y itdecreasesinthemanner
...
-Y2[4_p2“(1)
-1/2
&?y2/2(l+u)~ &2e-qq4
M(y,m)= - 3(1-*) e +U
[ ( )]
~+ol+u
@
(lCA)1/2
()
+
1-2=l+U +Um
.— — — —
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It isnoteworthythat,for U+o, M(y,m) alwaysbecomes
sufficientlyargevaluesof ye
Thelimitingformof M(y,m) forzerofiandtlnumber
interest,inviewoftheremarksmadeinthelastsection.
fact,
M(y,m)= M~~(y)+m%21(y) + 0(al/2)
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negativefor
isofparticulsx
For a+O,in
(105)
Forsmallvaluesof y, thelimitfunction%(y,m)= Mll(y)+ m%=(y)
hastheparabolicbehavior
(106)
butforlsxgevaluesof y itdecreasesremarkablyslowly,inthemanner
()3@l+m2+ol%(Y)=~y ~ (107)
Thedifferencebetweenthelimitofrelation(104)as u+ O andrela-
tion(107)isdueto thefactthattheratio (~ - M)/~ doesnot
remainuniformlysmallforallvaluesof y. Fora verysmallbutfinite
valueof a,thefunctionM(y,m)followsthelimitfunction~(yjm)
verycloselyas y increases,butitbeginsto deviateappreciablywhen
y becomesverylarge.In fact,itcanbe shownfromequations(104)and(107) that MO - M isoftheorderofmagnitudeof MO when y isof
theorderof u-1/2*For #/~>> 1, IMI decreasesto zeromuchmore
rapidlythan ~. Thedecreaseof IMl is,h fact,rapidenoughto
insure”theconvergenceoftheintegralof M (seeeq.(87)).Onthe
otherhand,equation(107)showsthatthetitegralofthelimitfunc-
tion lb divergeslogarithmically.Theseremarkshelpto explainthe
behaviorofthethermalintegralscaleLO describedpreviowly.
Thecase IS= 1 isof considerablephysicalimportance,sinceit
correspondsa~roximatelytogases,mostofwhichhaveEYandtlnumbers
.
l -
.
.
s
—
.—
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slightlylessthan
iseasilyobtained
has
for
The
G =
are
theespecially
unity. Theresultfor M(y,m) inthiscase,
by takingthelimit a ~ I inequations(98)
simple
M(y,m)=
ThefunctionsMl(y)
fOrm
()e-Y2/4 1 -5 +‘2~ y2e-Y2/44
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which
to (loo),
(108)
and M2(y) havebeenevaluatednumerically
the cases a = 0, 0.01,0.1,0.71,1, 10,and100,respectively.
resultsforallothercasescanbereadilyobtainedfromthosefor
O intable14,sincethefunctionsMl(y) and M2(y) forthiscase
thefunctionsMII(y)and Ma(y) occurringinthegeneralfor-
mulas(99)to(102).Thenumericalvaluesforthecase u = 0.71,cor-
respondingto airunderstandardlaboratoryconditions,representedin
table3,sincetheymaybe of somegeneralinterest.
TheresultantcorrelationsM(y,m)for m = O ~d 1 (corresponding
to a= 9° andO”,respectively)sreshowninfiguresl(a)to l(c),with
e-y2/4includedineachcaseforcom-thevelocitycorrelationf(y)=
parison.Thecorrelationsforallothervaluesof m me betweenthose
Shewn.Thecurvesfor u = 0.01smd0.1 sreincludedinfigure1 along
withthosefor a = O inorderto illustrateheapproachto thelimit
discussedpreviously.b contrasto theslowrateofdecreaseof M(y,m)
forsmallvaluesof O,therapidrateofdecreaseforlargevaluesof IJ
istobenoted.Thisbehavior,itmayberecsllled,wasindicatedby the
previousresultsforthethermalinte~alscale.Thephysicalsignificance
isjustthatforsma12valuesofthe&andtlnumber~thetemperaturefluc-
tuationsremainsimificantlvcorrelatedovermuch~eater~st~ces th~
thevelocityfluctuations,w~ileforlargevaluestheoppositeistrue.
ConsidernowthecorrelationLi(~,A).It iSobservedthatif
— A+h)
~P’ = (109)
%here isa lossofaccuracyne= a = 1 wheneqs.(99)and(loo)
areuseddirectly,withfunctionalvaluesinterpolatedfromtable1.
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(seefig..2(a)),thentheFouriertransform(eq.(24))yields
,-
(no)
Thus,letting
aup‘
N(r,m)= —
q
.
(ill)
andsubstitutingfor A(k,~) fromequation(63)give
where x
“- “d ‘= .[W* Thiscanbe evaluated
togive
.
.
N(y,m)= Nl(y)+m2N2(y) (113)
where
N~JY) -
Nl(Y)= (=J24--Ea() 3/2l-~ ii-d (1.14)
NACATN4186 39
.
.
N2(
and
Y)=
3/2
(]
a~ \3/2l-—1+(J
N~(y)= :
{[ 1}
,-y2/4-@erf(Y/2) 2e-y2/4
-—
$ Y/2 h
JNz(y) =-~e-y2/4- —
[
3fiierf(y/2) & 1]~-y2/4[ Y2 y/2 P
(u6)
(~7)
Forsmallvaluesof y, N(y,m) alsohasthefamilisrpsxabolicbehavior
N(y,m)
whilefor
N(y,m)=
1 (1 ~)’ -(:J5’220 3/2
()
l-— l+U
y2++4(l+.2)]
largevsluesof y itdecreasesinthemsnner
3(1-m2) () 3/2e-y2/4_ 2a e-ayq2(l+LT)l+a
2
1 -[@?2 [1+-0
(u8)
(U9)
Justas inthecaseof M(y,m),for a ~ O,thefunctionN(y,m)always
becomesnegativeforsufficientlyargevaluesof y.
40
Thelimitingformof
interest. For u + O the
NhCATN4186
N(y,m) forsmallPrandtlnumbersisalsoof
followingrelationisobtained:
.
I’?(y,m)= NU(y) +m%21(y) +O(U3/2) (K))
Forsmallvaluesof y,thelimitfunctionNo(y,m)= N~(y) + m~21(y)
hasthebehavior
()‘2 2+ o(y4)No(y,m)=l-~l-zy
Forlargevaluesof y andfor m + llfi itdecreasessomewhatfaster-
than Mo(y,m),inthemanner
No(y,m)= 3fi(3m2- 1)3+ o(L-y2/4)
Thecase.-m= I/@, forwhich
(1) /No y,lfi = e-y24
(122)
——
.
(123)
dividesthefunctionsNo(y,m)intothosethatarepositiveverywhere
ad thosethatbecomenegative(seefig.3(a)).5Thedifferencesbetween
thebehaviorofthelimitfunctionNo(y,m)forlsrgevaluesof y and
thatoftheactualfunctionN(y,m),forsmy-smallbutftiitevalueof a,
aretonoted.Thereasonsforthesedifferencesareverymuchlikethose
describedforthefunctionM(y,m). —-- .
51tmightbenotedthatthereisno suchdividm
a # O, sincethenthefunctionN(y,m)alwaysbecomes
largevaluesof y.
correlationwhen
negativefor
.-
.
.
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.
In contrasto M(y,m),thecorrelationN(y,m) hasa limiting
. forlsrgeRrsndtlnumbers.Thus,when a + m,
N(y,m)= (2E- l..-’~%(Y@ - %(Y)]+ .($
Thelimitfunctioninthiscaseis
shapeandasymptoticbehaviorfrom
of orderunity.
obviouslynot
thefunction
ssme
radicallydifferent
N(y,m)for
For c = 1, a simpleresultisagainobtatied,infact,
functional-formf& N(y,m) as%
N(y,m)= /
()
,-Y24 ~&+
4
M(y,m),&nely, -
a value
exactly
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fOrm
(124)
ill
of c
the
(125)
ThefunctionsNl(y) snd N2(y) havebeencomputedforthecases
C = O, 0.1,0.71,1,10,andm. Thenumericalvaluesforthecasesof
mostinterest,thatis, a = O @ u = 0.71,we tabulatedintables2
and3,respectively.Theresultantcorrelationsfor m = o and1 (cor-
respondingto ct= 90°and0°)areshowninfigures3(a)to 3(c).The
*
velocitycorrelation /f(y)= e-y24 isals includedineachfigure.
For a = O, f(y) isthessmeas N(y,l/fi~ (seeeq.(123)).
.
Fromtheseresultsforthecorrelation&up’it ispossibleto derive
()thecorrespondingresultsforthedefiningscalarsof L-j.~,~ andhenceto obtainthecorrelationf 19withthevelocityinan arbitrarydtiec-
tion. Thus,frcmequations(17),(19),smd(20),
anequationthatcsmonlybe satisfiedprovidedthat L(r,m) is inde-
pendentof m, inwhichcase
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L(y)= ~ ~~l(y) + N2(y)] (w) -
Fromtheseresults,itfollowsthatthecorrelation$~’ (seefig.2(b))
isgivenby
(i28) -
ThefunctionN2(y) isplottedinfigure4 for IS= 0, 0.1,0.71,1, 10,
~d m. . .
Sincethecorrelationf ~ withthecomponentof ui orthogonal
to theplaneformedby ~ and ~ vanishesby sxisymmetry,itisnecesssxy
to consideronlythecorrelationf 3 witha velocityvectorcoplanar
with ~ -d ~. Theresultsgivenherefor ~ and ~ thensuf-
ficetodeterminedirectlythecorrelationf 0-withthevelocityin
anarbitrarydirectionwithoutrecourseto itsscalarepresentation
suchasthoseshown,forexample,infigures2(c)and2(d).
Theanalyticalandnumericalresultsfor N(y,m)describedabove .
indicatethat,althoughN decreasesratherslowlyforlargevalues
of y when csissmall,thePrandtlnumberdependenceisnotother-
wiseverystrong.Thisis inmarkedcontrastotheresultsfor M(y,m),
especiaUythoseforlargePrandtlnumbers.Inpsrticu2ar,although
M(y,m)decreasesat a muchmorerapidratethanthevelocitycorrela-
tion f(y) whenthePrendtlnumberislarge,N(y,m)stilldecre-es
at a ratenotsignificantlydifferentfromthatfor f(y),justas it
doesforPrandtlnumbersof orderunity.
Mathematically,theseconclusionsareto someextentsuggestedby
theformsofthebasicequations(13)and(14)forthedoubletemperature
correlatione ad thetemperature-velocityorrelationLijrespectively.
Inparticular,equation(13) involvesonlytheparameterK,whileeqya-
tion(14)involvesboth K and v h thecombtiationK + v. Theform
ofequation(14)thenindicatesthat,whentheFTandtlnumberislarge
l
and K + V= Vj Li isapproximatelyindependentofthePrandtlnumber
—
.=
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endhasa characteristiclengthscaleessentiallythessmeasthatfor
Ri~ (i.e.,themicroscale1). Ontheotherhand,forsmaU Prandtl
numbers,tc+vg K,snd Li mightthenbe expectedto dependonthe
Frendtlnumber.Finally,equation(13)alwaysinvolvesK explicitly
and K + v @licitly (intheterminvolvingLi),sothat e mightbe
expectedtodependon K andthusontheFYsmdtlnumberingeneral.
Physically,thetemperature-velocityorrelationisgovernedby both
momentumtransferud heattransfer,withonlytheconvectivepartofthe
latter(associatedwiththemeantemperaturegradient)beingappreciable
whenthethermalconductivityissmall.Thus,it Isnottoosurprising
thatforsmallthermal.conductivityhiscorrelationbehavesmuchlike
thevelocitycorrelation.Thedoubletemperaturecorrelation,onthe
otherhand,dependsonlyonheattransfer,ad inthiscasethemoleculsr
partisalwaysas importantastheconvectivepart. Consequently,the
conclusionsforthetemperaturecorrelationme alsoto someextent
expected.Consider,forexsmple,twofluidsinturbulentmotionwith
essentiallythesamedynamicalandphysicalproperties,exceptthatone
haslowthermalconductivity(lsrgePrandtlnumber)ad theotherhigh
thermalconductivity(smallFtrsndtlnumber).ti orderforthetempera-
turefluctuationsattwopointsto followeachotherat allclosely(and
thusbe s@ificantlycorrelated),itwouldbe expectedthatthetwopoints
wouldhaveto beratherclosetogetherinthefirstcasebutthatthey
couldbemuchfartherapartinthesecond.It shouldbe recalled,of
course,thatthepresentinvestigationisrestrictedto lowRe~olds
numbers,whenmoleculartransportprocesseswe thecontrollingfactors.
ForhighReynoldsnumbers,theinertialtransportprocessesneglected
hereareusuallymoreimportsnt,andthefinalresultsmaybe quitedif-
ferentfromthepresentones.
TemperatureandHeat-TransferSpectrumFunctions
In thelaA twosectionsthecharacteristicsofthetemperaturefield
revealedbytheone-pointandtwo-pointmeanvalueshavebeenstudied.
Fromsomeviewpoints,a furthergaininphysicalinsightisprovidedby
an examinationfthepropertiesoftheFouriertransformsofthecorrela-
tionfunctions.Thesetransformsaudsomefuuctionscloselyrelatedto
themwillnowbe consideredinmoredetail.
Sincethebehaviorofthegeneral.three-ckbnensionalFouriertransform
mayingeneralberathercomplicated,itisoftenconvenie?xtto definea
simplerfunctionby averagingoveralldirectionsofthevectorsrgument&
Thus,by analogytiththedefinitionoftheenergy-spectrumf nctionforthe
velocityfield,thethree-dimensional(orsphericaJJyaveraged)temperature-
spectrumfunctionmaybe definedas
44
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.
.
J’J.~(k)= e(k,~)dp (M)
-1
Thisis justtheintegraloftheFouriertransformO(k,p)/2rck2ofthe
correlationW’ overthesurfaceofa sphereofradiusk. Thus, 6
isthedensityof contributionsto ~ associated~th wavenumbersof
magnitudek, sothat
Fromequations(64)and(129)thefollowingresultsareobtained:
where x = ‘f== Themaximumvalueof ~(k) isgivenby
sndoccursat
(m)
(131)
.
(132)
(233)
Thefunction~(k)~~ hasbeenevaluatednumericallyforPrandtl
numbersa = O,0.01,0.1,0.71,1,10,100,snd~, andtheresultsare
showninfigure7. Thenumericalvaluesforthecase c1= 0.71 are
givenintable4. Thewidersngeofvariationoftheresultswiththe
.
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~andtlnumberistobenoted,aswellasthedondnsnceof
wave-numbercontributions(associatedwiththelarge-scale
45
thesmall
structuxeof
thetemperaturefield)for-smallPrandtlnumbers~d thedominanceof
thelargewave-numbercontributions(associatedwiththesmall-scale
structure)forlargePrandtlnumbers.Thisbehaviorofthespectrum
functionisperhapstobe expected,onthebasisofthepreviouscon-
clusionsforthecorrelationfunction.
Thebehavior~ s k4 forsmallvaluesofthewavenumber,whichis
thessmeas itisforthetur~ulence-energyspectr~ E(k),istobe com-
paredwithCorrsin’sresultEls k2 intheproblemwithconstantmean
temperate (ref.16). It shouldbekeptinmindthatunderconsidera-
tionistheasymptoticpartofthespectrumforlargevaluesofthethe,
whichhascharacteristicsdeterminedmainlyby themeantemperaturegra-
dientandtheturbulence.Eveninthepresentproblema partofthe
spectrumbeginningwith k2 couldbepresent,ingeneral,asM61~se
(ref.8)hasshown(seeeqs.(38)and(~~)). However,asdemonstrated
previously,evenifsucha psrtwerepresentinitially,itwouldeven-
tuallymskeonlya negligiblecontributiontothetotalspectrumfunction.
Ina similsrmsmner,a three-dimensionalspectrumfunction~(k)
isnowdefinedforthemeantuxbulentheattransfer-~, wherethe
negativesignischoseninordertohavea positivequantity(i.e.,
-~= 1~ , asa resultofthedeftiitionof ~):
Thus, ~(k) isthedensityof contributionsto -~ associatedwith
wavenumbersofmagnitudek, smd
(135)
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Equations(~), (63),snd(134)thengivetheresults
.
Themsximumvalue& occursata valueof’x givenby
1-clap-—
2 1 -e2cx~ =
l-aa2
-—
1 l+ae 2CJ-—2a
(136)
Thefunction~(k)~& hasbeenevaluatednumericallyforPrandtl
numbersa = O,0.1,0.71,1, 10,andW, andtheresultsareshownin
figure6. Thewmericalvaluesforthecase o = 0.71 sregivenin ?
table4. In contrastotheconclusionsfor ~(k)/&,thevsriationof
~(k)/& withthePrandtlnumberisnotl~ge. Infact,themaincon- - -
tributionsalwaystendto comefromessentiallythessmerangeofwave —
numbersasthatcorrespondingtotheenergy-containingeddiesofthe
turbulence.
Equation(136)showsthat ~(k) beginswitha termof orderk4
forsmallvaluesof k duringthefinalperiodofdec~, @t as it
does,ingeneral,initially(seeeqs.(36)and(56)).Thegeneralcon-
clusionthattheheat-transferspectrumbeginswithatleastthefourth
powerof k wasobtainedpreviouslyb M@l&se(ref.8).
Althoughthethree-dimensionalspectrum,asdescribedinthepre-
cedingtwocases,hasperhapsthegreatestphysicalsignificance,it
csmnotbedirectlymeasured.One-dimensionalspectzmmfunctionsare
moresuitableforexperimentalpurposes,sincetheycanbe obtained
fairlyeasilyfromcorrelationmeasurementssndinfactcansometimes
bemeasuredirectly.
.
Someusefulresultsrelatingsuchone-dhnensional
spectrumfunctionswiththethree-dimensionalonesarenowpresented.
“
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A one-dimensionalFouriertrsmformofthedouble
.
()relatione r,A = Z canbemadealonga lineatanWW
as follows:
.
temperaturecor-
angle al with ~
(138)[ ) =(2m)-’jme(rl,O,O)e-tilrlti~‘I ‘lJ”1
-m
wherethedependenceon ml = cosal duetothesxisymmetryofthetem-
peraturefieldhasbeenexplicitlyindicated. (Since El~,~)= El(r,m)is
snevenfunctionofboth r and m, equation(138)canbe writtenas
Then,withtheaidofequation(95),thisbecomes
r -i
(139)
A
. Aftersubstitutionfor @k,~) intermsof e(k) fromequation(131),
theintegrationwithrespecto v and rl canbe easilycarriedout
inthecasesml = O and ml= 1 (seeref.15)P“ 43))~th theres~ts
(141)
(142)
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l
[( ) -‘(-”)]’‘he‘eneral‘“m’a .s~ce G(rl,q) = e(rl,o) + m12e rl,l
isseentobe
.~~,m.)= ~ - m.2)~~(k.,o)+q~~(kp.)
Theinverserelationstothesesreasfollows:
[1 1‘@l’(k,O)~~(k)= - $k@(k,O) - 0 k
i-1 2m123m~2k&m~2 k~(k)= - ‘k () 1-!31’k,ml -3(1- m~2) 1- m12 J0
J
(143)
(144)
(145)
.
Theprimedenotesdifferentiationwithrespecto k. Theintegralfrom -
0 to k inrelations(144)and(146)canbereplacedby thetitegral
from m to k, sinceitcanbe shownthattheintegralfrom O to @
is zeroineachcase.Frommy oneoftheserelations,then,thethree-
dimensionaltemperaturespectrumcanbe.determinedfroma measuredone-
. It appesrsthatformula(1~) shouldbethemost
=~i~~~esp;~~~~) isa Fouriertransformina directionnormalto A.
Inanexperimentalstudyofthepresentproblem,themeanflowdirection-
wouldlikelybenormalto ~, sothata directmeasurementof QI(kl,O)
wouldbepossible(subjecto certaina~roximations),withouthavingto
determineitfroma correlationmeasurement.
Itmightbementionedthatinthelimit a~O theone-dimensional
SpeCtI’U?n fUIICtiO12 @I iswellbehavedforsmallvaluesof k, inspite
of anapparentlogarithmicdivergenceofAtheintegralsinequations(141) .
and(L42)inthelimitingcase.SinceQ hasa maximumvalueofthe
orderof u2 ata valueof x oftheorderof (clogea)1/2 (see
7~
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equation9(132)
. that @I hasa
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and(133)), itfollowsfromequations2(141)and(142)
msximumvalueoftheorderof u210geu. Althoughthis
is muchlargerthsnthemsximumvalueof 6, it stillapproacheszeroin
thelimit u +0.
Forthetemperature-velocityorrelationLi(z~~) = Wit, sinceit iS
a vectorquantity,my one-dimension&Lspectrumfunctionscouldbe defined.
Twoofthemostusefulonesappearto bethefollowing:
(147)
AI@@l)=(2rc)-1~”~(rl,O,O)e-wlrl drl
-m
.
Withtheaidofe~ations(110)and(136),
Cos
the
(148)()‘lrl %
followingspecialresults
canbe obtainedinthemanner
AI(kl,O)= -
AI(kl,~)= -
describedpreviously:
[
Fromthese,since~~l,ml) = Lp(rl,O)+ m~2Lp(rl>1) -
.
~~1,0)], the
generalcasefollows:
-
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A1(kl,ml)=
‘sO’‘h” b(-m4=
theresultfor A1l is
‘+’m’)=
(1-q2)M(kpo)+q2fq(k~,l) (151)
Theinverserelationstorelations(149),(150),and(152)are
[1A1’(’,l)~(k)=-$k3& k
(152)
(153)
(154)“
*
~(k)= - 4k
[
~&k%I,(k,ml)~] (155) “
‘mil=A1l’(k’m’) --
Theintegralsfrom O to k mayagainbereplacedby integralsfrom M
to ‘.
Althoughtheone-dimensionalspectrumAI(k@ couldperhapsbe”
measuredirectlyintheexperimentalsituation,sucha determinationis
notsoeasyasthatfor @I(kI~O)~ad a moresatisfactoryprocedure
appearsto beto obtaina one-dimensionalspectrumfroma measuredcor-
‘e’-a’ion’suchas ~@’ml)’fOrexm’e” ‘omthecomespond= one-
dtiensions.1pectrumAII(kl,m~),thethree-dimensionalheat-transfer
spectrum~(k) couldthenbe obtainedbymeansofequation(155).
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It shouldbeemphasizedthatallofthe
. thevariouspectrumfunctionsderivedabove
51
specialrelationsbetween
me validonlyunderthe
specialrestrictionsofthepresentinvestigation. _-.—
CONCLUDINGREMARKS
In thepresentinvestigationfheattransferin isotropicturbu-
lencewitha constantmeantemperaturegradienta varietyof special
resultshavebeenderivedforthefinalperiodofdecay.Frcmthese
resultsthefollowingmajorconclusionsemerge:
(a)Duringthefinalperi.odofdecay,thetemperaturefieldbecomes
asymptoticallyindependentoftheinitialconditionsonthetemperature.
Itscharacteristicseventuallydependessentiallyonlyonthemesntem-
peraturegradient,thephysical.propertiesof thefluid,sndthechar-
acteristicsoftheturbulence.
(b)Fora givenfieldofturbulence,allresultsdependingon tem-
peraturefluctuationsalonewe stronglydependentonthePrandtlnumber.
Exsmplesaretheresultsforthemeansqusre~ ofthetemperature
fluctuationsandforthedouble-temperature-correlationcoefficient
1
——
319’02. It isparticularlynoteworthythatforsmallPrandtlnumbersthe
temperaturefluctuationsremainsignificantlycorrelatedovermuchlarger
. distancesthanthevelocityfluctuations,whileforlsrgePrandtlnumbers
theoppositeistrue.
. (c)Msnyoftheresultsdependingonboththetemperaturesndvelocity
fluctuationsdisplaymuchlessdependenceontheRrsndtlnumber.For
exsmple,themeanturbulenceheattrsnsferq is ofthessmeorderof
magnitudeforverylargePrandtlnumbersaa it isfora Prsadtlnumber
ofunity.ThePrandtlnumbervariationof suchquantitiesisusuaUy
moreimportantforsmallFYandtlnumbers.Thequsntity~, forexample,
approacheszerowhenthePrandtlnumberapproacheszero.Eowever,the
behaviorofthetemperature-velocityorrelationcoefficient /
——
ip’#up
changesrelatively little overthefulLrangeofPrandtlnumbers,in
markedcontrastothebehaviorofthedoubletemperaturecorrelation
coefficient.
(d)Correspondingtrendssxepresentinthebehaviorofthethree-
dimensionalspectrumfunctions.Forthetemperaturespectrum,thesmall
. wave-numberpartismostimportantwhenthePrsndtlnumberissmall,while
thelargewave-numberpat ismostimportantwhenthePrandtlnumberis
large.Fortheheat-transferspectrum,however,themaincontributions
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alwayscanefromessentiallythessnerangeofwavenumbersasthat
correspondingto theenergy-containingeddiesoftheturbulence.
In evaluatingtheseconclusions,therestrictionto smallReynolds
andP6cletnumbershouldbekeptinmind;fic%ever,althoughtheresults
srestrict~vslidonlyInthelimitofV?Xnis~ RX ~d ~%> W
rsilicalchangesforsmallbutfinitevaluesoftheseparameterswould
notbe expected.Experiencewithothersuch_approximat$onssuggests
thatthepresentresultsmightevenbe quantitativelyaccurateforvalues
oftheseparametersup to 1 andperhapsqualitativelycorrectupto values
of about5. Itwould,of course,bedesirableto Investigatehedevia-
tionfromthelimitingresultsforzero Rx”snd Q4 bymeansofa
second-orderapprox~tion,h whichtermsoforder~ and ~ are
.-
retatied.In suchan analysis,thetriplecorrelations,whichareneg~
lectedinthepresentstudy,wouldhaveto be considered.Thus,in
additionto correctionsto thepresentresults,conclusimsregsrding
theroleofthetriplecorrelationsforsmallReynoldsandPdcletnumbers,
whichareofgreat_interestinthemselves,wouldalsobe obtained.
ThesituationathighReynolds- P6cletnumbers,itshouldbe
emphasized,islikelytobe quitedifferent-fromthatdescribedbythe
presentheoryor anyextensionof itinthe_mannerjustoutlined.In
thesecircumstances,theinertialtransfertermsinthebasicequations,
whichshouldbe smallforthepresentypeofsmalysisto bevalid,are
normallydominant,Consequently,a differentmathematicalpproachas
to beused,andtheresultswouldbe expectedto be qualitativelyquite
different.Forexample,onewouldnotexpectofinda strongFYandtl
numberdependenceofthepropertiesassociatedwiththelarge-scale
structureofthetemperatureandvelocityfields,asfoundhereinsome
cases,althoughsucha dependencewouldlikelystillbepresentinthe
characteristicsofthesmall-scslestructure.In an investigationof
thissituation,thestatisticalhypothesismentionedintheintroduction
appearstobe essentialinformulatinga mathematicalproblemthatisat
alltractable.As suggestedpreviously,therearestillseriousanalytical
difficulties,butitmaybeexpectedthate—%ntuallythisapproachwin
leadto a solutionoftheproblem.
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TA3LE 1.- FUNCI!IOIEDESCRDING ~
CORRELATIONM(y,m)= Ml(y)+ m~2(y)
IURPRANM’LNUIEERa=O
-Y Ml(y) M2(y) Ml(y) + M2(y)
o 1.00C0 o 1.0000
.9960 .0020 .%&l
:: .9&2 .0079
.96%
.99ZL
.0173 .9823
:; .9392 .0299 .9691
1.0 .9076 .Okyl .9526
1.2 .8713 .0619 .9332
1.4 .8315 .0800 .9U4
1.6 l7@3 .0984 :.=1.8 .7459 .u65
2.0 .7022 .1338 .8~
2.2 .&@2 .1498 .8090
2.4 .6176 .164x .781.7
2.6
.5779 .1765 .7544
2.8 .5405 .1870 .7275
3.0 :;;; .1954 .7011
.2019 .6754
;:: .4440 .2066 .&m6
3.6 .4171 l2097 .6268
3.8 .3926 .2114 .6040
4.0 .3704 .2119 .5823
*3503 .21.13 .5616
::: .3321 .2099 .5420
4.6 .3156 .2079 .5234
4.8 .3c06 .2053 l5059
5.0 .2869 .2023 .4892
.2744 .1991 . .4735
;:$ .2630 .195 .4585
.2525 .1920 .4445
5:8 .2428 .1883 .43U
.2339 .1846 .4185
2:; .2142 .1755 :;89;
.1977 .1667
::; .1835 .1583 .3419
. .1714 .1506 .3219
.1607 .1434 .3041
;:2 .1514 .1368 .288L
9*5 .1430 .1* .2737
10.0 .1356 .12jo .2@6
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TABLE2.-FUNCJ!IONSDESCRIBING
Y
o
.2
::
.8
1.0
1.2
1.4
1.6
1.8
2.0
2.2
2.4
2.6
2.8
3.0
3.2
3.4
3.6
3.8
:::
4.4
4.6
4.8
5.0
5.2
5.4
5.6
5.8
6.0
6.5
7.0
7.5
8.o
8.5
9.0
9.5
10.0
—
~-VELOCITY
CORRELATIONN(y,m) = Nl(y)+ &N2(y)
FOR PRANM’LN-LMBERU=o
Nl(y)
1.0000
.9881
.9530
.8970
.82*
.7369
.6418
.5k32
.4455
.3526
.2676
.1926
.lx%
.0761
.0345
.Oqo
-.0198
-.0353
-.0449
-.o~
-.0518
-.0513
-.0492
-.0463
-.0429
-.0394
-.0359
-.0327
-.0296
-.026g
-.0244
-.0193
-.0155
-.0126
-.0104
-.0087
-.0073
-.0062
-.0053
N2(y)
o
.Qa58
.0233
.0507
.0857
.L@
.1675
.2Q83
.2455
.2768
.3008
.3169
.3249
.3253
.31go
l3073
.2$%L4
.2727
.2522
.2332
.2103
.lgo2
.1714
.1540
.1382
.1240
.1113
.1001
.0901
.081.4
.0736
.05E!0
.0465
.0378
.03W
.0260
.Ozl.g
.0186
.0160
Nl(y)+ N2(y)
1.000Q
.9939
.9763
.9477
.9093
.8626
.a94
.7515
.6909
.634
.5684
.5094
.4535 —
.4014
*3535
.3103
.2716
.2373
.2071
.M312
.1585
.13$m
.1222
.1077
.0953
.0846
.0754
.0674
.06Q5
.0545
.0492
.0387
.031.0
.0252
.0208
.0173
.0146
.0125
.0106
.
r
.
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.
TABLE3.-FUNCI!IONSDESCRIBINGT~ CORRELATION
M(y,m)=Ml(y)+m~( y) AND~-VELOC!~
CORREIJUTONN(y)= Nl(y)+m?N2(y) FOR
PRANM’LNuKwRu= 0.71
Y
o
::
1.2
1.6
2.0
2.4
2.8
3.2
3.6
4.0
5.0
1.000
.934
l755
.514
.270
.071
-.060
-.X24
-.133
-.11o
-.084
-.024
M2
o
.033
.115
.218
.309
l359
.358
.317
.248
.178
.120
.024
Ml + M2
1.OC’O
.967
.870
.732
l 579
.430
.298
.193
.115
.068
.036
l000
1.000
.929
“737
.482
.231
.034
-.085
-.131
-.128
-.101
-.069
-.016
N2
o
.035
.126
.237
.326
.366
.352
.298
.225
.153
.095
.019
57
N1 + N2
1.000
.964
.863
.719
l557
.400
.267
.167
.097
.052
.026
.003
.
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TKliIZ4.-~URE ANDHEAT-TRANSFERP CTRIJM
FUNCTIONSG(X)/& AND i(X)/& FOR
PRANDCLNIMBER13=o.71
x ‘3/66 2fh
o 0 0
.2 .0041 .0034
.O*1 .0479
:: .22.@ .1944
.8 lW33 .4516
1.0 :;;% .7422
1.2 .9496
1.4 .9751 .9947
1.6 .8151 .8&)1
1.8 .5837 .6709
2.0 .3631 .4468
2.2 .1983 .2625
2.4 ;:;% l1371
2.8 .0269
3.2 .0017 .0035
3.6 .0001 .0003
4.0 .0000 .OQoo
r
.
La
.8
.6
.4
M (yjm)
2
0
-.2,
———. - m=l ,a=O”
m=O , a= 90°
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u= .10
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Y
(a)Prandtl numbers u .0, u .0.01, and u .0.10.
—.
Figure 1.- Temperaturecorrelationcoefficient M(y,m) = e131/e2.
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Figure2.-Temperature-velocityorrelations.
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Figure 3.- Temperature-velocitycorrelationcoefficient
</0<. InN(y,m) = EIU’ . cosa; y. ~r/A; A= Turbulence ticroscale;
f(y) . Velocity correlation.
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Figure 3.- Continued.
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Figure 4.-!hmperature-velocityCmrelstioncoefficient
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N2(Y)= (2/sin%) W’~/~ forvariousPrmtitlm.mbers.
f(y)= Veloci~correlation;y . ~ rfi;~ = Turbulencemicroscsl,e.
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Figure 5.-!lhree-dlnensionaltemperature-spectrumfunction6(X) fm
tious Rrandtlnumbers. x=@lz;~= whlnmlvalue M 6;
A = Turbulencemicroscale;E(x) = Turbulenceenergy spectrum.
s’
Lo–“
u 8.10
.8 -
.6 -
i(x)
r
‘.4 -
.2 -
0 I 2 3 4x
Figure 6..!l%ree-dimensionalheat-transferspectrumfunction ~(x) for
variousprandtl nombers. x.kA/(z; &. MaxiluuDlvalue of 3;
X = Turbulencemicroscale;E(x) = T@*ce -W wFct~.
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